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Abstract. Through the study of some elliptic and parabolic fully nonlinear PDEs, 
we establish conformal versions of the quermassintegral inequality, the Sobolev inequal- 
ity and the Moser-Trudinger inequality for the geometric quantities associated to the 
Schouten tensor on locally conformally flat manifolds. 



1. Introduction 



In this paper, we are interested in certain global geometric quantities associated to 
the Schouten tensor and their relationship to each other in conformal geometry. For an 
oriented compact Riemannian manifold (M,g) of dimension n > 2, there is a sequence 
of geometric functionals arising naturally in conformal geometry, which generalize the 
Yamabe functional, introduced by Viaclovsky in as curvature integrals of the Schouten 
tensor. If we let Ricg and Rg denote the Ricci tensor and the scalar curvature of g 
respectively, the Schouten tensor can be written as 



Let (Tfc be the kth elementary symmetric function, and let 

o-fc(fi') := CTkig'^ • Sg) 

be the ak-scalar curvature of g. We are interested in the following functionals defined by 



where dg is the volume form of g. For convenience, set ao{g) = 1. 

We note that J-Q{g) is simply the volume of g and J'i{g) is the Yamabe functional (up to 
a constant multiple). Let us fix a background metric g^ and denote by [go] the conformal 
class of gQ. The standard Sobolev inequality states that 



g is a Yamabe minimizer. For g € [go], we can write g = e '^^go- Let Sg^ and Sg be 
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the corresponding Schouten tensors of go and g respectively. There is a transformation 
formula relating them: 

(2) Sg = V'^u + du® du ^ — gQ + Sg^. 

From this point of view, J-k{g) in ^ resembles the A;th quermassintegral in the theory of 
convex bodies. The classical quermasstintegral inequalities suggest that there may exist 
similar inequalities between the geometric quantities J-k{g)- 

The focus of this paper is the investigation of the precise relationship of the geometric 
quantities defined in (^. As we will see, there exists a complete system of sharp inequalities 
for on locally conformally flat manifolds, and the cases of equality will be characterized 
by certain "extremal" metrics, just as in the case of the Yamabe problem. The main 
tool used to obtain these geometric inequalities is the theory of parabolic fully nonlinear 
equations, and this is one of the special features of this paper. 

When (M, (^o) is a locally conformally flat manifold and k ^ n/2, it was proved by 
Viaclovsky in ,35, that the critical points of Tk in [qq] are the metrics g satisfying the 
equation 

(3) (^k{g) = constant. 

For k = n/2, J^n^g) is a constant in the conformal class (see jSSj). In this case, there is 
another functional which was discovered in A similar functional was also found in [S]. 
The functional in ^ is defined by 

(4) £n/2{9) = - f f (^n/2{9t)udgtdt, 

Jo J M 

where u is the conformal factor oi g = e~^"(7o and gt = e~^**'g'o. Unlike ^fc, £n/2 depends 
on the choice of the background metric g^. However, its derivative V£'„/2 does not depend 
on the choice of go. The critical points of 8^/2 correspond to the metrics g satisfying © 
for k = n/2 on locally conformally flat manifolds. These important variational properties 
are unknown for general (i.e. not locally conformally flat) manifolds for k > 2. For this 
reason, we will restrict ourselves to locally conformally flat manifolds in our study of J^k 
in this paper. Another advantage of locally conformally flat manifolds is the availability 
of the fundamental result of Schoen-Yau [SOj on developing maps, which is crucial for us 
in establishing the gradient estimates for the conformal flow (113(1 we consider below. 

We will establish three types of inequalities depending on the range of k. More precisely, 
a Sobolev type inequality © is established for any k < ^ and a conformal quermassintegral 
type inequality (jHJ for any k > n/2. And, for the exceptional case k = n/2, we establish a 
Moser-Trudinger type inequality Q for £n/2- 

Before giving precise results, let us first recall some notation and definitions. Let 

r+ = {A = (Ai, A2, • • • , A„) e M" I cT,(A) > 0, Vi < k}. 

Let be the closure of F^. A metric g is said to be in F^ if the eigenvalues of 
g^^ ■ Sg{x) G F^ for any x £ M (see ^H). Such a metric is also called admissible. 
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Similarly, a C^'^ metric is said to be in if the eigenvalues of g ^ ■ Sg{x) S for any 
X G M. For convenience, we set (To{A) = 1 and ao{g) = 1. We denote 

Cfe(bo]) = {5eC74'"bo]|5€F+}, 

where [go] is the conformal class of ^o- Here < a < 1. 

Unlike the Yamabe equation (fc = 1 in ©), equation ^ is fully nonlinear when k > 1. 
Moreover, from work in [3], it is necessary to assume g G F^ (or F^ = — F^) for /c > 1 in 
order to make use of elliptic theory. This is a very restrictive condition. It is proved in 
jl4j that any locally conformally flat (M, g) with g G Ft. is a space form. Nevertheless, for 

2 

k < ^, there are plenty of other locally conformally flat manifolds. For example, x 
with the standard product metric is in F^ for any k < ^, and MP x §"'~p with the standard 
product metric is in F^ for certain range of 2 < A; when p is sufficiently small compared 
to n. Furthermore, if (Mi, 51) and (M2,g2) are two n-dimensional locally conformally flat 
manifolds with gi G F^ (i = 1,2) for some I < k < ^, then one can construct a locally 
conformally flat metric g G F^ on the connected sum of them (see also P^). This type of 
construction yields a wide class of locally conformally flat manifolds with metrics in F^ 
for each k < ^. 

We now state our main results. Since any metric g G F^^^ is conformally equivalent to 

a metric of constant sectional curvature (see |14j^. we will assume, whenever we consider 
(|H) in this paper, that gQ has constant sectional curvature. 

Theorem 1. Suppose that {M,go) is a compact, oriented and connected locally conformally 
flat manifold with gQ G F^ smooth and g £ Ck- Let < I < k < n. 

(A) . Sobolev type inequality: If < I < k < ^, then there is a positive constant 

Cs = Csi[go],n, k,l) depending only on n, k, I and the conformal class [50] such 
that 

(5) {J'kig))^^ >Cs{Ti{g))^^ . 

If we normalize J^^ ai{g)dg = 1, then equality holds in |3p if and only if 
There exists a metric gE ^ Ck attaining equality in Furthermore, 

1 —1 k — l 

!■) (") (^) 

where ujn is the volume of the standard sphere S" . 

(B) . Conformal quermassintegral type inequality: If n/2 <k<n, l<l<k, 

then 

(8) (^fc(9))^<y (^J {H9)V- 

Equality in ^ holds if and only if (M, g) is a spherical space form. 
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(C). Moser-Trudinger type inequality: If k = n/2, then 
(9) {n - 2l)£n/2{g) > Cmt <^i{g)dg - log /" a-i{go)dgo 



M 



where 

' n 



Cmt — I (^n/2{9o)dgo — 

Jm 2 2 



Equality holds in ^ if and only if (M, g) is a space form. The above inequality is 
also true for I > k = n/2, provided g & Ci. 

When I = and k = 1, inequality © is the standard Sobolev inequality (e.g., see j^]). 
For I = and 1 < k < ^, inequality © provides the optimal control of the L"-norm of 
e~" in terms of J-k- For these reasons, we call © a Sobolev type inequality. We were 
informed by Professor Alice Chang that Maria Del Mar Gonzalez obtained inequality 
independently for / = 0. We suspect that should be true on general compact 
manifolds. Inequality © plays a key role in the proof of a main result in |12j . 

Inequality © is reminiscent of the classical quermassintegral inequality (e.g., see [Ej for 
a discussion), which provides one of the motivations for this paper. In the case n = 4, /c = 2 
and 1 = 1, inequality (jH)) was proved earlier by Gursky in JJj for general 4-dimensional 
manifolds. Some cases of the inequality were also verified in JHl and Jl] for locally 
conformally flat manifolds. 

Inequality © is similar to the Moser-Trudinger inequality on compact Riemannian 
surfaces (see dS]) HH and [2])- When I = 0, Q was proved by Brendle-Viaclovsky 
and Chang- Yang in jlj and [S] using a result in |16| on a fully nonlinear conformal flow, 
and was referred to by them as the Moser-Trudinger inequality. We also refer to [H] for a 
different form of the Moser-Trudinger inequality in higher dimensions. 

The Yamabe problem is the problem of finding a metric in the conformal class [go] which 
minimizes the functional Ti (g). The final solution of the Yamabe problem by Aubin and 
Schoen [2H| is one of the triumphs of geometric analysis. There have been several important 
generalizations of Yamabe type problems in other settings such as the CR Yamabe problem 
studied by Jerison-Lee [HI • Viaclovsky [H^ considered another type of Yamabe problem: 
for 1 < k < n, find a metric g € [go] satisfying equation @, or equivalently the following 
partial differential equation for the function u in local orthonormal frames with respect to 

go- 

(10) Ok f Uij + UiUj ^ — bij Sij \ = ce~^'''^, 

where Sij are the entries of Sg^ , Ui and Uij are the first and second order covariant deriva- 
tives of u with respect to the local orthonormal frames. When k > 1, equation H10() is fully 
nonlinear. There has been much recent activity surrounding equation (\lU\i . Viaclovsky j35j 
obtained some existence results for k = n under certain geometric conditions. Equation 
^ was solved by Chang-Gursky-Yang [SI Ej in the case n = 4, k = 2. Gursky- Viaclovsky 
studied the equation for the negative cone case in ^U], and more recently for the lower 
dimensional cases n = 3, 4 in ^H]. For the locally conformally flat manifolds, equation © 
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was completely solved by Guan-Wang ^S] and Li-Li |21] , and for more general conformally 
invariant equations by Guan-Lin-Wang |12j and Li-Li |25| . We remark that for k > ^, 
(M, go) is conformally equivalent to a space form by Tl', so any solution of (jSJ is a maxi- 
mizer of J^fc. But, for A; < ^, the previous solutions to equation Q obtained in are 
not necessarily the Yamabe type solutions. That is, they are not necessarily minimizers of 
the functional J-'k- Similarly, neither are the solutions of © on a locally conformally flat 
manifold obtained in and necessarily minimizers of a corresponding functional. 

One immediate consequence of Theorem^is the existence of a minimizer (or maximizer) 
solution of the general conformal quotient equation . For simplicity of notation, we will 
denote by ^{A). By the transformation formula ((2), equation Q can be expressed 



in the fully nonlinear form: 
(11) ^ (uij + u,uj - ^5,, + 5,,) = ce-2(^-0". 

Corollary 1. For any < I < k, there is an extremal metric gE ^ Ck satisfying equa- 
tion which is a global minimizer (maximizer) of J-k in Ct with Jj^j ai{gE)dgE = 1 
(£n/2{9E) = ^ if l = iT'/'^) when k < n/2 (k > n/2); when k = n/2, there is a global 
minimizer of 8^/2- 

We will prove Theorem ^ by studying an associated flow equation. The approach of 
using flows to study geometric inequalities was previously considered in different contexts 
by various authors in [Hl9|l38|l34j. In the conformal context, a simpler flow was introduced 
in |1^ 

^-^2) ; ^9 = -(}og a k{g) -log rkig)) ■ g, 



9(0) = 90, 



where ri^{g) is given by 



rkig) = exp ( [ log Uk {g)dg] 

\vol[g) Jm J 



The global existence, regularity and convergence for the flow ()12() was proved there. For 
the purpose of this paper, we need to deal with the following general fully nonlinear flow: 

d A tjfc(g) \ 

-t;9 = - log— ry-logrfc,i -5, 
(13) I dt V <^i{9) J 

9(0) = 90, 

where 

( J (^i{9)'^og{ak{g)ai{g)-^)dg 

'"■•''""K 

is defined so that the flow (fT^ preserves / ai{g)dg when I n/2 and 6^/2 when I = n/2. 
We have the following result for the flow p3() . 
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Theorem 2. For any C^'" initial metric go G , the flow il!^) has a global solution 
g{t) E Ck for any t > 0. Moreover, there is h ^ Ck satisfying equation |^ such that, 

lim \\g{t) - /i|Ic4,-{M) = 0- 

Flows (|12|) and are fully nonlinear conformal equations. The first step is to obtain 
a Harnack inequality (i.e., the boundedness of |V5(t)|, see below). This can be done 
using a fundamental result of Schoen-Yau on developing maps and the method of moving 
planes as in . This is where the assumption of locally conformally flat is used crucially. 
For the flow ([T2|) . since the volume of the evolved metric is preserved, boundedness 
is a direct consequence of the Harnack inequality (see aud (HHl)- However the flow 
(|13|1 may not preserve the volume. This is the major difference between the flows (|12j) 
and (|13j) . To deal with this problem we first use the Harnack inequality (|39|) to bound 
|V^g'(i)|. From there we obtain a bound using our previous results and the local 
estimates in The preliminaries for this are developed in Section 2. 

We will also need local estimates for equation © in the case < / < A; < ^. These 
estimates are needed to prove Theorem l.A. The existence of such local estimates is a 
very special feature of this type of conformal fully nonlinear equation and is crucial for 
the study of the elliptic equation © . 

This paper is organized as follows. In Section 2, we list some basic facts regarding — 
and the flow ()13() and prove Theorem^for the case / = 0. In Section 3, we establish some 
local estimates for equation @, which will be used in a crucial way to obtain a positive 
lower bound for the geometric functionals. In Section 4, we study the flow (|13|) and prove 
Theorem 121 Theorem ^ for the case / > will be proved in Section 5. In Section 6, we 
discuss the best constant, which appears in part (A) of Theorem ^ 

Notation: In the rest of the paper, Ui,Uij,--- denote the covariant derivatives of the 
function u with respect to some local orthonormal frames of the background metric go, 
unless it is otherwise indicated. 

Acknowledgement: Part of this work was carried out while the second author was visiting 
Mathematics Department, McMaster University, in April 2002. He would like to thank the 
department for its hospitality. We would also like to thank Eric Sawyer and the referees 
for valuable suggestions regarding the presentation of this paper. 

2. Some basic facts 
Let A = (Ai, . . . , A„) G R". The kth elementary symmetric function is defined as 

(Tfc(Al, . . . , An) = ^ Aj^-'-Ajj.. 

n<---<ifc 

A real symmetric nxn matrix A is said to lie in F^ if its eigenvalues lie in F^. Let Aij be 
the {i,j}-entry of an n x n matrix. Then for < k < n, the kth Newton transformation 
associated with A is defined to be 



n{A) = ak{A)I - ak-i{A)A + ■■■ + {-lfA\ 
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We have 



ralized Kro: 

convention. By definition, 



where is the generahzed Kronecker delta symbol. Here we use the summation 



For < I < k < n, let 



ak{A) ai{A) 

It is important to note that if ^ € T^, then Tfc„i is positive definite. This follows 

the fact that the function —(A) is monotonic in F^, that is if — A is semi-positive, 

then ^{A) < ^{B). Another important fact is that {^{A)) is concave in F^ (e.g., 
see jnS])- Let Aj = (Ai, A2, • • • , Aj_i, Aj+i, • • • , A„). 



Lemma 1 (Newton-MacLaurin Inequality |2nj). 

(14) l{n-k + l)aKA)(jfc_i(A) > k{n - I + l)afc(A)a,_i(A). 

Lemma 2 (Garding's Inequality). Let A = (Ai, • ■ ■ , A^), Aq = (/^i, • • • , fin) £ F^, 



1 



F(A) = (^(A) 
Then, 

Proof. The main argument of the proof follows from [S] . From the concavity of F in F^ , 
for A, Ao = (^1, • • • , fin) e F^ we have 

F(Ao) < F(A) + j;(^,-A,)^^ 

k-l ^ o-fc(A) ai[A) 

k-l ^ crk{A) ai{A) 

In the last equality, we have used the fact that F is homogeneous of degree one. Then 
(|T5|) follows. ■ 

Lemma 3. A conformal class of metric [g] with [g] n F^ 7^ does not have a C^'^ metric 
gi E F^ with ak{gi) = 0, where F^ is the closure ofT~l^. 
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Proof. By the assumption, there is a smooth admissible metric qq with ^^(g) > 0. Assume 
by contradiction that there is a C^'^ metric gi with ak{gi) = 0. Write 171 = e~^"gO) so u 
satisfies 

(16) ak ( V^u + dn (g) dn - ^^9o + Sgoj = 0. 

Let 



= ( V^n + du®du- ^ go + j and ajj(H^) 



(Here, the notation aij{W) = is usuahy used by analysts. More intrinsically, 

ttij = Tfc_i(VF)*-, where Tjt_i(VK) is the {k — l)th Newton transformation defined above 
and W is viewed as the matrix g^^ ■ W .) We may assume u < 1 and u{xq) = 1 for 
some xq € M, since u + c also satisfies (|16() for any constant c. Let w = e""" — e~^, 

/li = te"" + (1 - ^)e"^ tif = -log/ii and = V^u* + dut - ^^f^ffo + Sgg. As 
in inZ], one can check that (a) Wt € and (b) {aij{Wt)) positive definite (nonnegative 
definite, resp.) for all < t < 1 (0 < t < 1 resp.). We have the following 

(17) > au{Wi) - au{W,) = Y,{ f ^^^dt)%v + b\t, x)Viv + dv, 

for some bounded functions d and / = l,...,n. Since v > and v{xq) = 0, this is a 
contradiction to the strong maximum principle. ■ 



For any < A; < n, let 

(18) Mg) 



— ^ / <yk{g)dg, k 7^ n/2, 
, n-2k Jm 

£n/2{9), k = n/2. 



Lemma 4. Flow itiAj) preserves Ti, it also decreases the functional J^k- In fo-ct, we have 
the following evolution identities. The evolution equations for log ^ and Tk are 



(19) 
and 
(20) 



log-(5) = i:tT{n-i,i-i{Sg)VUog^{g)} + {k- 0(log-(5) " logr^,;) 



dt 



— {9) - rk,l ] ( log —{g) - logrk^i ] cri{g)dg 



Proof. It is easy to verify -^^lig) = from the equation and the definition of r^ ;. The 
first equality follows the same argument in (16j. We verify the second equality. When 
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= ~\ (o^*'^'' (^°^^*'^'' -logrfc^i^ cri{g)dg. 

The first equality was proven in [^Hl, where the assumption of locally conformally flat is 
used. By j^, the above also holds for /c = ^. ■ 

In the rest of this section we use results obtained in [TB* for flow H12[) to establish 
Theorem n in the case ? = 0. 

Proposition 1. Let {M^go) he a locally conformally flat manifold with g^ € F^. We have 

(a). When k > n/2, there is a constant Cq = Cqin, k) > depending only on n and k 
such that for any metric g G C^- 



crk{g)vol{g) < Cqvolig) " . 

'M 

(b). When k < n/2, there is a constant Cs = Cs{[go],n) > such that for any metric 

g G Cfc. 



ak{g)vol{g) > Csvol{g) " . 

I M 

(c). If k = n/2 and g^ is a metric of constant sectional curvature, then for any g ^ 
£n/2{9) > - Cmt (log uo/(c/) - logvol{go)), 

where Cmt = Jm ^n/2{go)dgo. 
Moreover, in cases (a) and (c) the equality holds if and only if g is a metric of constant 
sectional curvature. 

Proof, (c) was already proved in |^. 

When k > n/2, from we know that {M,go) is conformally equivalent to a spherical 
space form. In this case, it was proved in jBSjl that any solution of © for / = is of 
constant sectional curvature. By Theorem 1 in ^B] {k > for any g ^ Ck there is a 
metric ge G Ck of constant sectional curvature with vol{g) = vol{ge) and 

(21) Mg) > Moe)- 

When k > n/2, (dTJ) implies that 



vol{g) n / ak{g)dg < vol{ge) " / CFk{9e)dge, 

JM JM 

and the equality holds if and only if (M, g) is a space form. It is clear that 



V0l{ge) " / (Tkigejdge 
JM 

is a constant depending only on n, k. This proves (a). 
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It remains to prove (b). For this case, we only need to prove that 

inf ^fc(g) =: /3o > 0. 

Ckn{vol(g)=l} 

Assume by contradiction that /3o = 0. By Theorem 1 in jl6j . we can find a sequence of 
solutions gi = e~^"'(7o ^ Ck of (3) with vol{gi) = 1 and (Tk{gi) = Pi such that limj^oo Pi = 0. 
(^kigi) = Pi means 

(22) afc(V\i + dui dui - ^-^90 + Sgo) = P^e-^^''\ 

Consider the scaled metric cji = e~'^^^go with Ui = Ui — log Pi, which satisfies clearly 
that 

(23) ak i V^u^ + dui dui - ^-^90 + SgA = e'^'^"' 
and 

vol{gi) = Pi^k ^ as i ^ oo. 
By Corollary 1.2 in we conclude that 

tij — > +00 uniformly as i — >■ oo. 

Hence := inf^f Ui — > +oo as i — > oo. Now at the minimum point Xj of Uj, by (|23() . 

/ iV-u-P \ 

fJkiSgJ < ak V^Ui + dui dui - ^^^go + SgA = e'^^™' ^ 0. 



This is a contradiction to the fact 5^0 ^ 



3. Local estimates for conformal quotient equations 

In order to get a positive lower bound for the constant in (A) of Theorem^ as in the 
proof of Proposition ^ in the previous section, we prove some estimates for solutions of 

(24) -{9) = f, 

defined locally in any open subset of M with a nonnegative function /. When I = 
local estimates were established in jl5j. The same estimates hold for equation (|24|1 when 
< / < A; < n. Since the proof for the special case {n — k + l)(n — / + 1) > 2(n + 1) is 
much simpler and it is suffice for the purpose of this paper, we only treat this case here. 
The local estimates for equation (|24|) in general case < / < A: < n will appear elsewhere. 
We emphasize that, in this section, we do not assume [M^go) is locally conformally flat . 

Theorem 3. Let (M^go) be a smooth compact, n-dimensional manifold and let g = e~^"(7o 
be a solution of \24^ in with 

(25) {n-k + l){n-l + l)>2{n + l). 
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Then there exist two positive constants ci (depending only on ||5ollc3(_Br)' n^k^l and 
\\f\\c^(Br))) CLnd C2 (depending only on ||5'o||c"'(Br)' f^^k,l and \\f\\c'^[Br)) such that G 

2 ' 

(26) |Vu(x)|2 < ci(l + e-2i'^fs.n) 
and 

(27) |V\(x)| < C2(l + e-2i°fs.«). 

In particular, if k < ^, condition 1125}) holds, and hence inequalities 1126]) and \21\j are 
valid in this case. 

Theorem 131 has the following consequence. 

Corollary 2. Let k,l as in Theorem\^ There exists a constant eq > such that for any 
sequence of C^'" solutions Ui of \24\) in Br with 



e-^^dvol{go) < eo, 

Bl 



either 



(1) There is a subsequence Ui^ uniformly converging to +00 in any compact subset in 
Br, or 

(2) There is a subsequence Ui^ converges strongly in Cf^^{Br). If f is smooth and 
strictly positive in Br and Ui is smooth, then converges strongly in CJ^^{Br), 
Vm. 

The proof of Corollary |2l follows from the same lines in the proof of Corollary 1.2 in 
|15j . the same argument can be traced back to Schoen we will not repeat it here. 

Proof of Theorem\^ The proof in works for ()27|) as (^)^ is elliptic and concave in 

r^. We only need to prove ((211) • 

We follow the same lines of proof in jl5j to prove the Theorem, together with Lemma 
13 proven at the end of this section. For convenince of the reader, we will use the same 
notations as in P^ . 

Without loss of generality, we may assume r = 1. Let 

a I J dwij 
where W = (V^n + du® du — ^^^^ go + Sg^). More intrinsically, 

= ^ (^(14^)) ^ {am)n-i{W)] - a,{Wn_,{W)]] , 
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where Tj is the jth Newton transformation. Let /> be a test function p € C^{Bi) such 
that 

p > 0, in Bi and p = 1, in -B1/2, 

(28) 

\Vp{x)\ < 2bop^'^{x) and [V^l < bo, in ^i. 

Here 60 > 1 is a constant depending only on the background metric go. Set H = p\Vu\'^. 
It suffices to bound max^^ H. Let xq € .Bi be a maximum point of H. We may assume 
that W is diagonal at the point xo by choosing a suitable normal coordinates around xq. 
Set Aj = tfjj and A = (Ai, A2, • • • , A„). In what follows, all computations are given at the 
point Xq. We denote Aj the vector with ith. component deleted from A and 



k - I \ ai J o-/ (A) 

At the point xq, {F^^) is diagonal and 

(29) = F*{ai{K)<Jk-Mi) - ak^ai^Mi)}. 
Since W is diagonal at xq, we have at xq 

(30) Wii = Uii + uj -^\Vu\'^ + Sii, Uij = -UiUj - Sij, yi^j, 

where Sij are entries of Sg^ . 
We may assume that 

H{xo) > blAl 

for some constant Aq will be fixed later. We may also assume that 

(31) \Sg,\{xo) < A^^\Vu\\xo). 

Otherwise, we are done. Since xq is the maximum point of H, we can get, for any i, 



(32) 



n 

Uiiui 

1=1 



\xo) < — K^Q)- 



By applying maximum principle and following the same deduction in il5| (formulas 
(2.18) and (2.20) there), we have 
(33) 

> F'3H.,j = I (-2^ + Pij^ |Vu|2 + 2puiijUi + 2puiiuji'^ 

> 2Y,F'^puaUji + Y,F" |-10n62|Vn|2 - Ce-"^^«i "[V^xp - i!i±^p|Vn|4 
where C is a constant depending only on n,k,l, ||/||c1{_Bi) and Set Uij = 



13 + ^ij ■ (|31!> , we have 



Y^rHuu,,>\Y^F-ul-^,\vutY.P-. 



i,j,l i,l 
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This, together with imphes 

i,l i>i ° 

Hence, the needed bound H{xq) < ci(l + e^^^^^i ") can be reduced to the verification of 
the following: 

Claim: There is a constant (depending only on k and n) such that 



(34) 



This claim is just Claim 2.5 in ^^l- As in ^21; the verification of the Claim is a crucial 
step to prove the Theorem. 

Set (5o = ^0 ^ O-^- divide the set / = {1, 2, ■ • • , n} as in into two parts: 

/i = {i G / I nf > 5q\Vu\^} and /a = {i G / | < (^olVu^}. 

Clearly, Ii is non-empty. 

Case 1. There is jq satisfying 



(35) 



Ujj<5QWu\ and ui<5nWu\. 



3 



301 



We may assume that jo = n. We have \wnn + ~ 1^"" + < 2(5o|Vtip by 

From ()32() and 1)301) . we have for any i G / 



Ui{uii - (|Vnp - uf)) - ^ SjiU; 



This, together with implies 

(36) |u,(u,i - (|Vu|2 - u2))| < 26^\Vuf, 

which, in turn, implies 



\uii + - |Vii|2 + Sii\ < 35§|Vn|2, 



for any i G /i. Using these inequalities, we can repeat the derivation of equation (2.38) in 
[T^ to obtain 

(37) > i^^^ - F|Vu|^ + + (1 - 32^0^)^ J] 



where = maxjg/j F**. 

Recall that Ii is necessarily non-empty. We may assume that io G h with = F^o'o , 
Without loss of generality, we assume that iq = 1. From above, we know wn > Wnn- By 
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Lemma ini below, we have F"" > F^^ and F^^ < 2+e(n,fc i) because wn > 0. Hence, 

(|H7|) implies that 



y F^'ul >{-- ^ , - 325^} y F"|Vn 



The inequality (|34j) then follows for this case by choosing ^ ^^^*'e(n^fc"f 
Case 2. There is no j € / satisfying 

We may assume that there is io such that uf^-^ < 6q\\7u\'^, otherwise the claim is 
automatically true. Assume zq = 1- As in Case 4 in we have > (1 — 2(5o)|Vtip and 
ujj + uj(|Vup — n^) > JqIV^I^ for j > 1. From equation (2.50) in 15^ and LemmajSl we 
have 

Y^F^^ul = J2f^^{uI + u^{\Vu\'-u^)] 

i,l i 

> ^F-(4 + nf(|Vnp-nf)) 

i>2 i>l 

The Claim is verified, so the local gradient estimate ()26() is proved. H 

Lemma 5. // < Xj, then > F" . If {n - k + l){n - I + 1) > 2{n + 1) and Ai > 0, 
then there is a positive constant c{n, k, I) such that 

^F** > {2 + c{n,k,l))F^\ 

i 

Proof. The first statement follows from the monotonicity of ai-i and , since 

= FV,_i(A,){aKA)^(A,) - ^^(A)}. 
cri-i 

Similarly, we have 

Fii = FV,_i(Ai){aKA)^(Ai)-afe(A)} 
< FV;_i(A){az(A)^(A) - afc(A)}. 

0"Z-1 

From the Newton-MacLaurin inequality ()14() . 

go := (n - /c + 1 - ao)cTi(A)cjfc_i(A) - (n - / + 1 - ao)(Jk{^)(Ji-i{K) > 0, 
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where cto = — — -. Hence, we have 



(n-fc+l)(n-;+l) 
n+1 

Y,F'' = F*{{n-k + l)ai{A)ak-i{A)-{n-l + l)ak{A)ai^i{A) 



F*{qo + ao[siiA)ak-iiA) - (7,.(A)a;_i(A)]} 
The Lemma follows with c(n, /c, /) = 2 — qq > 0. 



4. The global convergence of flow (fTTIjl 
We treat flow (ll,'-?)) in this section. If g = e~^" • 50 1 one may compute that 

2 

Equation can be written in the following form 



ak{g) = e^^'^ak ( V\ + du®du- ^^^go + Sg^ 



(38) 



2^ = log^ (^V^n + d^xOd'u-^^^o + S'go ) +2(A:-0n-logrfcX5) 
, u(0) = no- 



In these equations and below, the norms and covariant derivatives are with respect to 
the background metric 50- 

Because go € F^, the highest order term on the right hand side is uniformly elliptic. 
Consequently, the short time existence of flow (|13j) follows from the standard parabolic 
theory. We want to prove the long time existence and convergence. Let 

T* = sup{ro > I (USl) exists in [0, Tq] and g{t) G Ck for t G [O.Tq]}. 

For any T < T*, we will establish a bound for the conformal factor u, which is 
independent of T. As in we have a Harnack inequality 

(39) |Vn| < c, 

for some positive constant c independent of T, see a complete proof in But, as 

mentioned above, we can not deduce boundedness as in ^H] because the flow (|13() may 
not preserve the volume of the evolved metric g{t). In order to to get bound we first 
use jnni) to bound [Vup. 

Proposition 2. There is a constant C > independent ofT such that 

\V^u\ < C. 

Proof. Set 

fjfc / 2 |Vti|^ 

F = log — V u + du<^du — go + 

(yi \ 2 
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By equation (|55|) . F = 2ut — 2{k — l)u — logr^^i. We only need to consider the case k > 1. 
From the property of 

n 

<max{l,(n-2)}^Aj. 

Therefore we only need to give a upper bound of Au which dominates all other second 
order derivatives. 

Consider G = Au + m|Vnp on M x [0,T], where m is a large constant which will 
be fixed later. Note that Au is analyst's Laplacian. Without loss of generality, we may 
assume that the maximum of G on M x [0, T] achieves at a point (xo,io) S M x (0, T] 
and G(xo,io) ^ 1- We may assume that at (xo,to) 

(40) 2ai{W)>G>]^ai{W), 

where W = V^u + du® du— ^^^^ go + Sg^^. Consider everything in a small neighborhood 
near xq. We may consider W as a, matrix with entry Wij = Uij + UiUj — ^\\/u\'^6ij + S{gQ)ij. 
In the rest of the proof, c denotes a positive constant independent of T, which may vary 
from line to line. 

Since G achieves its maximum at {xo,tQ), we have at this point 

(41) Gt = ^{uiit + 2muitui) > 0, 
and 

(42) Gi = Y,{uiH + 2muHUi) = 0, V i. 

I 

(|i2|) and imply that at {xo,to) 

(43) \Y,uih\<cG. 

I 

By the Harnack inequality H39() and the fact \uij \ < G, we may assume that 

(44) \uiij - Uiji\ < c and \uijki - Uijik\ < cG, 

where c is a constant depending only on the background metric go. We may assume 
by choosing appropriate local orthonormal frames that the matrix (wij) at (xo,to) is 
diagonal. At the maximum point, Gij is non-positive definite. Set F''^ = Since 

g{t) = e^^"^*^(7o £ r^, we know that the matrix (F*-') is positive. Hence in view of 
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H41|l -()44 |) and the concavity of F we have 

> ^ F'^Gij = F'^ {uiiij + 2muiiUij + ImuujUi) 



> ^ i?y {u..^^ + 2muiiUij + 2mu,jiui) - c ^ 
J,' « 



(45) 



+2muiiUij + 2mwijiui - 2mui{uiUj - ^\Vu\'^5ij + S{go)ij)i} 



> AF + 2mY Fiui + ^ + 2(m - 1)^ F''ul - c ^ F^G 

> AF + 2m ^ Fiui + -G^ ^ F** + 2(m - 1) ^ F^^uf^ - c ^ F^^G. 

/ j i,l i 

From equation (jHEJ, F = 2ut- 2{k - l)u - log rk,i{g). In view of (jUJ) and yields 
> -2(A:-/)G + -^F^^G2 + 2(m-l)^F^^nii-c^F^*G 

i i i 

(46) > -2(A;-0An + J]F-G2 + 2(m-l)j;F-n2 -cJ^F-G 

j 

> {_2(A: - l)G + 2{ra - l)^ ^^^4} + ^ E ^"(^' " ^^)- 

i 

The Proposition follows from ()39() . (|46() and Lemma IHl below. H 

Lemma 6. There is a large constant m > such that 

(47) i^G^ ^ F- + 2(m - 1) ^ F^^zz;^ > 2(A: - l)G. 

i i 

Proof. It is easy to check, from the Newton-MacLaurin inequality (|14j) . that 
(48) 

2 ^ ai(VF)afc(H^) - (fc + l)afc+i(VF) ai(iy)a;(^) - + l)^^+i(^) 
^ "^^^ ^fc(VF) a^H^) 

= (/ + 1)'^(W) -{k + 1)^{W) > Cn,t,l^{W), 
o'l ai 

and 

(49) YF'' = {n-k + l)^{W)-{n-l + l)^{W)> 



cTfc ai (Ti{W)' 
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where Cn^k,i and Cn^k,i a-re two positive constant depending only on n, k and /. From these 
two facts, we can prove the claim as follows. First, if 

4n a,{W) -^^^ 
then the claim follows from H49|) and H4U() . Hence we may assume that 

ai{W)ak-i{W) , 

for some positive constant c* ^ ^ depending only on n, k and /. Together with the Newton- 
MacLaurin inequality, it implies 

which, in turn, together with ()48() implies 

Hence, if we choose m large, then the lemma is true. ■ 
Now we can prove the boundedness (and hence boundedness). 

Proposition 3. Let g = e~^"(7o a solution of flow M^^) with ak{g{t)) G F^ on M x 
[0,T*). Then there is a constant c > depending only on vq, go, k and n (independent of 
T*) such that 

(50) \Ht)\\c2<c, VtG[0,T*). 

Proof. We only need to show the boundedness of \u\. First we consider the case I ^ n/2. 
By Proposition 121 and the preservation of J ai{g)dg, we have 



Cl 

(51) 



= e(2'-")V, + du(^du- ^^50 + Sg)j dgo 



If I < n/2, then H51() . together with ()39|) . implies that u < c for some constant c > 0. On 
the other hand, in this case Proposition ^ gives 



vol{g) < C yj^^ criig)dgj = cqC, 

which, together with ()39|) implies u > ci, hence |n| < C in this case. 

If I > n/2, (|51() gives a lower bound of u. Suppose there is no upper bound, we have a 
sequence of u, with Vu and V^u bounded, but sup it goes to infinity (so does inf u). Set 
V = u — inf u, so V is bounded and so is the norm of v. But, for g = e~'^^go, we get 
Fi{g) tends to 0. Take a subsequence, we get aiie-'^"' go) = with V* in C^'^ nFfc. This 
is a contradiction to Lemma |31 
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Then we consider the case I = n/2. In this case, £n/2{9) is constant. First it is easy to 
check that gt = e-'^^'^go G Vt when < t < 1 (using the fact (!,••• ,1, —1) G Tn when n 

2 2 

even). In particular, (TR{gt) > for t > 0. From the expression of £n/2{g)-, 



-sup(u) / cF2i{g)dg < £n/2{g) < -inf(u) / a^{g)dg. 
Jm Jm 

Since 

/ crn(g)dg = / (Tn{gQ)dgo, 

Jm Jm 

So we have 

-sup(u) / a^{go)dgo < £n/2{g) < -inf('u) / ai^{go)dgo. 
Jm Jm 

Thus, inf(n) is bounded from above and sup(ti) is bounded from below. By again, u 
is bounded from above and away from 0. Now we have proved the boundedness of \u\ in 
all cases. Combining that with (|39() and Proposition [2 gives a bound u independent of 
T. m 

Proposition 4. There is a constant Cq > independent of T such that 

— {9m>Co, /or t G [0,cx)). 

0"/ 

Proof. We follow the similar argument in ^HI ■ Here we will make use of Lemma |2I We 
consider H = log ^(5) - e"" on M x [0, T] for any T <T*. From ^ and (UU we have 

^ = itr{f,_i,;_i(5,)V^log^(5)} + (A;-/ + ie-")(log^(5)-logrfc,K5)) 
= hr{fk.i,i.i{S,)VliH + e-")} + {k - I + ^e"") (log ^(9) - logr,^,ig)^ . 

Without loss of generality, we may assume that the minimum of -fT in M x [0, T] achieves 
at (xo,to) G M X (0, T]. Let Hj and Hij are the first and second derivatives with respect 
to the background metric go- At this point, we have ^ < 0, = Hi = '^■j F^^Wiji + e~'^ui 
for all /, and {Hij) is non-negative definite. Also we have {F^^) is positive definite and 

^ o-fc(g) dwij ai{g) dwij 

Recall that in local coordinates i-ii^g) = F^-' and 
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It follows that at the point, 
(52) 

> Ht-\Y,F'^H,^ 



hT{n-u-i{Sg)Vy-} + {k-l + ie-") (^log ^{g) - logn,i{g) 
+ik-l + \e--) (log ^{g) - logn,i{g) 



2 ■ F''{-Uij - UiUj + \Vu\^5ij} + {k-l + ie-") Uog ^(g) - logrkAg)) 
= — E F''{-w,, + S,, + -\Vu\%,} + {k-l + —) hog f{g) - logrfcX^) j 
> ^ E + S:,} + {k-l + \e-^) (log ^(g) - log n,i{g)) 

where Sij are the entries of S{go). Since 5" (50) £ ) by Lemma |21 

1 ]_ 

1 dak{g) 1 dai{g) n 2« / ^Tfc / ^ 



ak{g) owij ai{g) dwij \ai J \ai 

By estimates, logrki{g) is bounded from above, we have 

. ^(^,^^(^,^-^ 

+ik-l + \e-^) (log ^(5) - logrkAa^j - ^e-" 

> ci(—{g)] + C2log— (5) - C3 

for positive constants ci, C2 and C3 independent of T. It follows that there is a positive 
constant C4 independent of T such that 

— {9) > C4, 

at point (xo,to)- Then the Proposition follows, as \u\ is bounded by Proposition |31 ■ 
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Proof of Theorem\^ Now we can prove Theorem |2 First, from Propositions and 0] we 
have T* = oo. Then, by Krylov's Theorem |2S1, the flow has C^'" estimates. pO)) imphes 
that 



as ti — > oo. The above estimates imply that g{ti) converges in C^'" to a conformal metric 
h, which is a solution of ©• 

Now we want to use Simon's argument ,31_ to prove that h is the unique limit of flow 
H13|) as in (see also PP). Since the arguments are essentially the same, here we only 
give a sketch. First, with the C'^'" regularity estimates (and higher regularity estimates 
follows from the standard parabolic theory) established for flow one can show that. 



for some positive constant /?. It is clear that ^{h) = (3. By Proposition^Jand the Newton- 
MacLaurin inequality, there is a constant c > 1 such that c^^ < ai{g{t)) < c. We want 
to show that flow is a pseudo-gradient flow, though it is not a gradient flow. The 
crucial step is to establish the "angle estimate" (|54|) for the gradient of some proper 
functionals. The estimate (|54j) enables one to conclude that the flow will converge to a 
unique stationary solution, we refer to |16j for the detailed argument. 

Now we may switch the background metric to h and all derivatives and norms are taken 
with respect to the metric h (since we have all the a priori estimates for h). 

Here we only give a proof for I < k < n/2. The proof for the other cases is similar after 
taking consideration of the corresponding functionals. 

Consider a functional defined by 




which, in turn, implies that there is a sequence {ti} such that 




lim \\ — {g{t)) - /3||c4,-(M) = 0, 




n — 2k 




Its L^-gradient is 



co{{ak{g) - rk,i{g)(Ji{g))e 



where cq is a non-zero constant and fk,i{g) is given by 



rk,l{9) ■ 



JM'^k{g)dg 
fM'^i(9)dg 
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which is different from /. But it is easy to check that /(t) — rk^i{t) ^ as t — > oo. 
Sinc( 
(54) 



Since ^{g{t)) is very close to a constant for large t, from (|20j) we have 



df 



< 



< 



< 



< 



< 



^kAa) < -c / { — (a) - rk,i) log — (g) - logrk,i CFi{g)dg 



0-z 



M 



(g) - rk,i 



criig)dg 



M 
1/2 



log— (5) - logrfc,/ 



1/2 



cri{g)dg 



/ \ — {g)-n,i\'^(^i{g)dg] 
,. \ 1/2 

/ \ — {g)-rk,i?m{g)dg] 
(^k{g) - rk,icri{g)\'^cri{g)dg 



1/2 



IV^wl d/i 



A/ 



1/2 



M 



,dg. 



■dh 



1/2 



where c > is a constant varying from line to line. The angle estimate (|54p means that 
flow ()13() is a pseudo-gradient flow. Finally from ()54() we can apply the argument given in 
j31j to show the uniqueness of the limit as in jl6j . ■ 



5. Proof of Theorem [T] 

From the flow approach we developed, we have 

Proposition 5. Let {M^go) he a compact, connected and oriented locally conformally flat 
manifold with go G F^ and < I < k < n. Let defined as in then there is gE G 
satisfying equation ^ such that 

0<M9e)<M9), 

for any g ^ with J'ligs) = ^i{g)- Moreover, if {M,gQ) is conformally equivalent to a 
space form, then {M^g^) is also a space form. 

Proof. The case / = has been treated in Proposition ^ We may assume / > 1 in the 
rest of proof. When (M, (70) is conformally equivalent to a space form, then any solutions 
of © are metrics of constant sectional curvature (this can be proved using the method of 
moving plane of ^Oj as in j^, see Corollary 1.1 in for more general statement), and 
hence have the same J-k if they have been the same J-i. Hence the Proposition follows 
from Theorem 12 

Now we remain to consider the case k <n/2 and {M^g^) is not conformally equivalent 
to a space form. We will follow the same argument in the proof of Proposition^ Here we 
need the local estimates in Theorem |31 for the quotient equation 
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First we want to show 



(55) inf =:/3o >0. 

Suppose = 0. By the result for flow (|T3|) . there is a sequence gi = e~^"*(7o ^ Ck with 
= 1 and 

— iai) = Pi, lim Pi = 0, 
The scaled metric = e~^^^go with Ui = Ui — 2[k-i) log ft satisfies 

(56) ^ ( V^tt, + dui dui - ^^50 + Sg,) = e-^C^-On. . 
By Proposition 1, 

n — 2l ~ n — 2l 

Cvol{gi)— < Fi{gi) = /3i2(fc-0 ^0 as i ^ cx), 
Since vol{gi) is tending to 0, by Corollary |21 

rrii := inf {tj — > +oo as i — > oo. 

Now at the minimum point Xi of ■Uj, by equation 1)56^. 

^(5,o) < -(V^n. + dn. du, - + S,,) = e'^C^-O-. ^ q. 

This is a contradiction to the fact that g^ G T^, proving 

Finally we prove the existence of an extremal metric in this case. From above argument, 
there is a minimization sequence gi G C^, with J-i{g) = 1, and ^^^f^ ~ ft' with /3j de- 



creasing and bound below by a positive constant. As (M, 50) is not conformally equivalent 
to by assumption, it follows from Theorem 1.3 in |^ (see also [25]) that the metrics 
converge (by taking a subsequence) to some gE which attains the infimum C5. ■ 

Proof of (B) of Theorem^ The cases I = n/2 and k = n/2 were considered in ^S] and 
[Tl) . Hence we assume that k ^ n/2 and I ^ n/2. Let us consider 



•^fc,«(5) = cri{g)dgj J ak{g)dg. 

Since J-f^^i is invariant under the transformation g to e~'^^g for any constant a. Proposition 
13 implies that for any g £ Ck 

^k,l{9) < ^k,l{9E) =■■ C{n,k,l). 
It is clear that C(n, /c, /) depends only on n, /c, /. 
Let Co = J^k,i{gE)- From Proposition 13 we have 



(57) 



!m '^k{g)(ig < C{n, k, I) (/^,^ cri{g)dg) "~ 



n-2k 
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C{n, k, I) {fj^j (Ji{g)dgy^ (/^^ (yi{g)dg) 



where 7 = ^^^^21) ~ !• clear that 7 > when / > n/2 and 7 < when I < n/2. 
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We first consider the case I > n/2. In this case, by Proposition ^ we have 

n-2l 

cri{g)dg < civol[g) " , 

M 

where ci = J-i{ge)- It follows that 

(58) (^j^ai{g)dgy < clvol{g)'-i^ . 

Hence 



{Tu{g)f^ = {vol{g)-'^ j^^ak{g)dgy 



< cg* (^vol{g) y (^i{g)dg 



The equality holds if and only if <^ is a metric of constant sectional curvature. 
Consider the case I < n/2. In this case, by Proposition ^ again we have 



(^i{g)dg > civol{g) " , 

where ci = Ti{ge)- Since 7 < 0, we have (|^ . The same argument given in the previous 
case gives the same conclusion. 

Finally, since k > n/2, (M, (/q) is conformally equivalent to a space form f jl4jl. The 
existence of the extremal metric which attains the equality case follows from Proposition 
|5J And the constant C{n,k,l) is easy to calculate. ■ 

Proof of (C) of Theorem^ Let us first consider the case / < n/2. Let g € 0^/2- Choose 
a such that fj^^ai{e~'^'^g)dvol{e~'^"'g) = /^^ c/(5'o)'^5o- It is easy to see that 

a = — ^{log / cri{g)dg - log / ai{go)dgo}. 
n-2l Jm Jm 

By Proposition |S1 we have 

£n/2{g) = £n/2{e~^''g) + a (yn/2{g)dg 

JM 

> a (Tn/2{go)dgo 



M 



n 



/ (^n/2{go)dgo\log [ ai{g)dg - log [ ai{go)dgi 
— ^ JM I JM JM 



This proves the Theorem for the case I < n/2. 

Now we consider the case I > n/2. [21 For any g Ci we choose 

a = ( / (^n/2{g)dgy^£n/2{g) 

JM 
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such that £n/2{^ ^"5) = £n/2{9o)- Recah that JF„/2 = ^n/2- By Proposition again, we 
have 

-{2l-n)a / ^,Cp-2a^N,^,,^,^^-2a 
M 



1 


n 




21 




1 




n 




21 




1 




n 




21 




1 




n 




21 



J M 



exp i (n - 21) (^j^^ crn/2{g)dg^ £n/2{g) \ j^^ cri{9o)dgo- 



Since (M, go) is conformally equivalent to a space form in this case, the existence of 
the extremal metric can be proved along the same line as in part (B) of the Theorem. 
Note that since n is even, (M, (70) is the standard sphere. The computation of Cmt is 
straightforward. H 

Proof of (A) of Theorem^ Inequality © follows from (|55l) in the proof of Proposition [SJ 
The existence of the extremal metric has also proved there. As for inequality ((TJ, since its 
proof is of different spirit and inequality itself is of independent interest, we will devote it 
in the next section (Theorem @}. The constant Cs^k,i{^^) in can be computed easily. 



6. The best constant 

In this section, we address the question of the best constant in part (A) of Theorem ^ 
As in the Yamabe problem (i.e., k = 1 and / = 0), for < I < k < n/2 we define 

n — 2fe f n — 2k f 

Yk,i{M,[go])= mUTi{g))-^M9)= <Ti{g)dgr^ <Tk{g)dg. 

It is clear that Yk^i{M, [go]) = C"~^'^. In this section we prove 

Theorem 4. For any compact, oriented locally conformally flat manifold [M^go), we have 



(59) nX^'^'N) <nXS">9S"), 

where gs^ is the standard metric of the unit sphere. 

When k = 1 and / = 0, this was proven by Aubin (e.g., see |21) for general compact 
manifolds. To prove Theorem |3 we need to construct a sequence of "blow-up" functions 
which belong to Ck ■ This is a delicate part of the problem. 

We need two Lemmas. 

Lemma 7. Let D be the unit disk in M" and ds"^ the standard Euclidean metric. Let 
go = e^^^^ds^ be a metric on D and go € F^, with k < n/2. Then there is a conformal 
metric g = e~^"(is^ on D\{0} of positive Tk-curvature with the following properties: 
1). ak{g) > inD\{0}. 
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2) . u{x) = uq{x) for r = |x| € (ro, 1] . 

3) . u{x) = a + log r for r = [x| € (0, r-^) and some constant a. 
for some constants ro and r^ with < < tq < 1. 

Proof. Let v be a function on D and g = e~'^'"go. By the transformation formula of the 
Schouten tensor, we have 

S{g)ij = Vjj{v + uq) +Vi{v + uo)Vj{v + uo) -'^\V{v + uo)\'^Sij 

(60) = VfjV + VivVjV + VivVjUo + VjvViUo 

.1 

Here V and are the first and the second derivatives with respect to the standard metric 
ds^. Let r = \x\. We want to find a function v = v{r) with g E and 

/ Oi{r) 

V = , 

r 

where a = 1 near and a = near 1. From (|6U() we have 

(61) SCah = ^-^^^3 + {^ + ^^^)^ + S{9oh + 0{\Vno\)^, 

where 0{\Vuq\) is a term bounded by a constant Ci depending only on max|Vtio|. Let 
A{r) be an n X n matrix with entry aij = S{g)ij — S{gQ)ij. Hence 

= e-2'=(^+"°Vfc {A + S{go)). 

To our aim, we need to find a such that A + S{go) S F^. Let e € (0, 1/2) and rg = 
min{^,Cie}. We will choose a such that 

(62) a{r) G [0, 1] and a{r) = 0, for r G [ro, 1]. 

Since crfc(5) = e^'^^^+^o Vfe(A(r) + S'(5ro)), we want to find a such that cjfc(A(r) + 5(50)) > 0. 
It is clear to see that for r G [0, ro] 

,'2a — a^ — ea^ fa' a'^ — 2a\xjXi 
^(^) ^ { ^2 + (7 + ^ 

as a matrix. This implies that 

(63) cx,(A(r)) > i^il^L ( 7- - + 2, ™' " ^« 



kl{n — k)l \ 2r2 / \ 2a — _ £q. 

One can easily check that for any small 6 > 0, 

/X 2(1 -e)6 

(64) a(r) = ^ ^ 

+ r 2 

is a solution of 

(2 - e)a - = -4(ra' - ea). 



GEOMETRIC INEQUALITIES 



27 



Now we can finish our construction of a. Since S{gQ) S F^, by the openness of 
we can choose ri E (0, ro) and an non-increasing function a : [ri,rQ] C [0,1) such that 
(^k{g) > and a(ri) > 0. Now we choose a suitable 5 > and a in the form (|M|) .Then 
find r2 € (0, ri) with a{r2) = 1- It is clear that ak{A{r)) > on [r2,ri]. Define a{r) = 1 
on [0,r2]. We may smooth a such that the new resulted conformal metric g satisfying all 
conditions in Lemma [7| ■ 



Remark 1. From Lemma^ one can prove that the connected sum of two locally confor- 
mally flat manifolds (Mi, (71) and {M2,g2) with gi,g2 G (k < n/2) admits a metric in 
r^. This is also true for general manifolds. Namely, the connected sum of two compact 
manifolds {M\,gi) and (M2,g2) with gi,g2 € (k < n/2) admits a metric in T^. The 
proof is given in • 

Lemma 8. For any small constants 5 > and e > 0, there exists a function u : M"\{0} — s- 
satisfying: 

1. The metric g = e~^"(ix^ has positive Ti^- curvature. 

2. u = log(l + + 60 for \x\ > 6, i.e., {{x G | |x| > S},g) is a part of a sphere. 

3. u = log for \x\ < 5i, i.e., {{x € | < |x| < 5i},g) is a cylinder. 

2n 

4. vol{Bs\Bs„g) < C6 ^-o . 

2(n.-2fc) 

^- Ibs\Bs^ (^k{g)dvol{g) < C6 ^-^0 , for any k < n/2, 

3-Eo 

where C is a constant independent of 6, 61 = 6'^~^o and 69 frf^log'^- 

Proof. Let 6 G (0, 1) be any small constant. For any small constant Eq > 0, we define u by 



r log(l + r2) + 6, 



u[r 



0, 



r> 6 



l-£o 
log r. 



log 1- logo r e [01,0) 



1 - eo 



r<di, 



where Si = 6 ^-^o and 



bo 



log(l + 6^) - log + log 6. 



1 - eo " 2 ■ 1 - eo 
As in the proof of Lemma 5, we write u'{r) = It is easy to see that a : 

2r2 



a(r) 



.1, 



r > 5, 

, r€{6uS), 
r < 61. 



M+ by 
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One can check all conditions in the Lemma, except the smoothness of n, which is C^'^. 
We first check (1). By a direct computation, see for example (13), we have 

(n - 1)1 (2a — o?\^( „ ra' 



'2u\^^\2^^^2ku(r) K ^^^^ n-2fc + 2 



k\{n-k)\ V 2r2 j \ 2a - 

In the interval a G (0,2) satisfies 

2ra' 



2a — oP' 



:i-^o) 



Since k < n/2, we have ak{e ^"jdxp) > 0. One can also directly to check (4) and (5). 
Here we only check (5). A direct computation gives 



/ ak{g)dvol{g) < c /'%-{«-2fe)«(r)^-2fc^n-i^^ 



s 3-en 



<5 



2(u-2fc) 

< c5 ^'^0 . 

From our construction, we only have u € C^'^. But, for 5 > fixed, we can smooth a so 
that u E satisfies all conditions (l)-(5). H 

Proof of Theorem^ Let p & M and U a neighborhood of p such that {U, g) is conformally 
flat, namely {U,g) = {D , e~'^'^° \dx\'^) . Applying Lemma[71 we obtain a conformal metric u 
satisfying conditions l)-3) in Lemma[7|with constants ro,r-^ and a. By adding a constant 
we may assume a = 0. Now applying Lemma |S1 for any small constant 5 > we have a 
conformal metric gs = e~^"*|d2;p on M"\{0}. Consider the rescaled function 

us = us{—x) - log — . 

^3 ^3 

Now u and us are the same in {0 < \x\ < r^}. Consider the following conformal transfor- 
mation 

2 



2 \x\ 



which maps {^3/2 < |x| < r^} into itself and maps one of boundary components to another 
with opposite orientations. Now we define a new function on M by 

0, \x\ > ro, 

ws{x) = <u-uo, r3/2 < |x| < ro, 

^us{f{x)) + 21og |a;| - log ^ - uq, \x\ < r3/2. 
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Since u and ug are the same in {0 < |x| < r^}, it clear that ws^x) is smooth on M. 
Consider the conformal metric gs = e~'^^^g and compute, using Lemmas and |H1 



/ crk{gs)dvol{gs) = / akig5)dg5 + 0(1) 

Jm -'{NI<»-3/2} 



g-(n-2fc)feo f ak{gs^)dvol{gsn) + 0{1)5 

JIR"\{|i'|<<5} 



^\{\x\<5} 



and 

3-ei 



ai{gs)dvol{gs)=6-^-^o'^''-^'^vol{W'\{\x\<6},gsn) + o{6 i-o^^-^O^^ 

M 

where g'§n = ^-^^i^p-^ii is the standard metric of the sphere and 0(1) is a term bounded 
by a constant independent of 5. Now it is readily to see 



as (5 — > 0. 
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